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COMPLEX PARALLELISABLE MANIFOLDS
AND THEIR SMALL DEFORMATIONS

IKU NAKAMURA

Introduction

By a complex parallelisable manifold we mean a compact complex manifold
with the trivial holomorphic tangent bundle. Wang [8] showed that a complex
parallelisable manifold is the quotient space of a simply connected, connected
complex Lie group by one of its discrete subgroups.

It is known that if the Lie group corresponding to a parallelisable manifold
is semi-simple and does not contain SL(2C) as a component, then the first
Betti number vanishes and its small deformation is rigid, [21, [5], [6].

In this paper we consider the similar problems in the case where the corre-
sponding Lie group is solvable, and obtain quite different results. We note that
a simply connected, connected solvable complex Lie group is biholomorphical-
ly equivalent to C* as a complex manifold where n = dim,; G. If a complex
parallelisable manifold has a solvable Lie group as the universal covering, it is
called a complex solvable manifold.

In § 1 we summarize some known results and give three lemmas. In §2 by
numerical invariants we classify three-dimensional complex solvable manifolds
into four classes III-(1), III-(2), 11I-(3a), III-(3b), and construct some exam-
ples in all cases.

In § 3 we construct Kuranishi families of deformations of three-dimensional
complex solvable manifolds constructed in §2. The base spaces of these
Kuranishi families which are reduced complex spaces are irreducible in the
cases of III-(2) and III-(3a) but reducible in for case of III-(3b), about which
we shall give explicit descriptions.

For a compact complex manifold X we denote by ¢ and £2? the sheaves of
germs over X of holomorphic functions and p-forms respectively. Recall A7¢
= dim, HY(X, 27) and P, (X) = dim H'(X, (2")®*) where n = dim, X. Also
we denote by r, £ and b, respectively the number of linearly independent closed
holomorphic 1-forms, Kodaira dimension of X and the i-th Betti number.

S. litaka proposed a problem whether all P, and & are deformation invari-
ants [1]. However computing the numerical characters of small deformations
obtained in the above examples we have

Theorem 2. 474 for (p, q) + (0 0, r, P, and g are not necessarzly invari-
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ant under small deformations.

On the other hand we note that small deformations of a complex parallelis-
able manifold are not necessarily parallelisable.

In § 4 and § 5 we prove the following theorems.

Theorem 3 (Kodaira). Let X be parallelisable such that the corresponding
Lie group is nilpotent. Then h*' = r. ‘

Theorem 4. For a complex solvable manifold whose Lie algebra has the
Chevalley decomposition (§ 2) we have b, = 2r.

We remark that a complex solvable manifold has C* as its universal covering.

Theorem 5. If an n-dimensional complex solvable manifold satisfies the e-
quality h™! = r, then any small deformation has C™ as its universal covering.

In Theorem 5 we cannot remove the assumption that 4! = r. In fact, in
the case of III-(3b) where we have A%! > r, there exist small deformations
whose universal covering are not analytically homeomorphic to C®.

In § 6, following the algorithm shown in § 1 we classify complex solvable
manifolds of four and five dimensions.

The author would like to express his deep appreciation to Professor K.
Kodaira, Professor S. Iitaka and Mr. K. Akao for valuable advices and en-
couragement during his preparation of the paper.

1. Preliminaries

Let X be a compact complex manifold of dimension .

Definition 1.1. X is parallelisable if the holomorphic tangent bundle of X
is complex analytically trivial.

This condition is written in the following ways:

(1) © = ¢", where B is the sheaf of germes of holomorphic vector fields,
and @ is the structure sheaf of X.

(2) There exist » holomorphic vector fields 4,, - - -, 4, on X which are li-
nearly independent at every point on X.

(3) ' = 0", where ' is the sheaf of germs of holomorphic 1-forms.

(4) There exist n holomorphic 1-forms ¢, - - -, ¢, on X which are linearly
independent at every point on X.

It is obvious that .Q"gﬁ(;) . Hence H(X, 2?) is spanned by {p;, A\ -+ A ¢,
1< iy < - <i, <n}and h?® = (;‘)

Theorem (Wang [6]). Let X be parallelisable. Then there exist a simply
connected, connected complex Lie group G and a discrete subgroup I” of G
such that X = G/T".

In particular, H(X, ©) = g where g is the Lie algebra of G.

Definition 1.2. A complex parallelisable manifold X is solvable (respec-
tively nilpotent) if the corresponding Lie group G is solvable (respectively nil-
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potent).

Let G be a connected complex Lie group, and I’ one of its discrete subgroups.

Definition 1.3. [ is uniform in G if G/I” is compact.

Theorem (Mostow [4]). Let G be a connected solvable complex Lie group,
and I’ a uniform subgroup of G. Let N be the connected, maximal nilpotent
normal subgroup of G. Then I’ | N and I'N/N are uniform in N and G/N
respectively.

The original form of this theorem is not restricted to the complex case. This
theorem means that for any solvable manifold X = G/I’, there is the decom-
position z : X — B, where B = (G/N)/(I'N/N), and (X, z, B) is a holomorphic
fiber bundle with a typical fiber F = N/I" 1 N. We shall call this decomposi-
tion the Mostow decomposition of X. If G is solvable, the commutator group
G’ = [G, G] is nilpotent. G’ is contained in the maximal nilpotent normal sub-
group N, so-that G/N is abelian. Therefore the base space B is a complex
torus.

In an obvious way, we define the pairing

H'(X,07) X HX?* N 9)—C, @ X 0 (p,0) .

The exterior differentiation d: H(X, £?7") — H(X, £2?) induces an adjoint
map ‘d: H(X? A\ @) — H'(X?* A ©). Then we obtain
Lemma 1.1. (1) (@ N 0)= —16,¢1, 6,¢ ¢ H(X,0).
Q) CDONGING)=—0NCdDE NEG)—G N (D@ N
— @ NCDONE), 6,¢8,0 € H(X,0).
We omit the proof.
(1) of Lemma 1.1 shows

for 6,¢ ¢ HY(X, 9), and ¢ ¢ H(X, ). (1) and (2) show that d* = 0 is equiva-

lent to the Jacobi’s identity.
Let g be a solvable Lie algebra defined over C. Then by virtue of Lie’s theo-

rem we have a C-basis of g: ¢, - - -, ¢, (n = dim, g) such that
(1~2) dSDvZSn/\SDv_'"vu’ V=17'°'7n7
where &,, 7, are represented by ¢,, - - -, ¢,_;. Since d’p, = 0, we have d§, = 0,

i.e., &, is a closed holomorphic 1 form. There it follows from (1.3) that &, =
251 4,0, for some constants a,,.

Lemma 1.2. Let X be a compact complex manifold of dimension n, and
¢ a holomorphic (n — 1)-form on X. Then dp = 0.

Proof. If dg +0, then i-nﬂf do A\ dg>0. On the other hand,
X
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i—nﬂj. do N\ dp = i-"’J. d(p N dp) = 0, a contradiction.
X p.q

From Lemma 1.2 we infer readily
Lemma 1.3. Let {p;} be a basis of H'(X, £2") which satisfies (1.2). Then

(1.3) e =0.

p=r+l

Proposition 1.4, Let G be a simply connected, connected solvable complex
Lie group. Then G is biholomorphically equivalent to C*, where n = dim,; G.

Proof. When dim G = 1, we can prove the proposition easily. By induc-
tion on dim G we shall prove the proposition. When dim G > 2, there exists
a connected normal Lie subgroup N of dim 1. (G, x, G/N) is a holomorphic
fiber bundle with fiber N. Calculating homotopy exact sequences of this fiber
bundle, we infer readily that N and G/N are simply connected, connected and
obviously solvable. By the hypothesis of the induction, G/N and N are biho-
lomorphically equivalent to C*~! and C respectively. From Oka’s principle it
follows that G is biholomorphically equivalent to C”.

2. Classification of three-dimensional complex solvable
manifolds and construction of examples

In this section we shall classify three-dimensional complex solvable mani-
folds, and use an algorithm to classify higher-dimensional complex solvable
manifolds. Let X = G/I” be a three-dimensional solvable manifold, and ¢,, ¢,
@5 be a basis of H(X, 2'), which satisfies (1.2).

By an clementary calculation together with Lemma 1.4, solvable manifolds
X are classified into the following three classes :

mI-(1): de, =0, 2A=1,2,3,
111-(2): d501 =0, dSDz =0, d% = — ¢ AN ©s
IMI-(3): dp, =0, dp, =0 Ny, dpy= —o@ Ng,.

Dualizing III (1)-(3) by virtue of (1.1) we can determine the structures of the
Lie algebra g of G.

-1y : [02’ 0»] =0, Lyv=123,

-2y : [6,,6]= —[6,,6]1=86,, [6,6]=0 otherwise,
III'(3),: [01’ 02] = — [62’ 61] = — 62 s
[01a 03] - — [03’ 01] = 03 ’ [02’ 03] =0.

Case III-(1). It is well known that X is a complex torus.
Case III-(2). In view of Proposition 1.4, C®is the universal covering of X.
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Let O be the origin of C°. We set @,(z) = jz o,,v = 1,2. Then @, is a single
0 -
valued holomorphic function on C°, and ¢, = d®,,v = 1,2. Thus dyp, =
_d, A dO,, ic., dp, + 0,dD,) = 0. We set O(2) = f 05 + 0.d0,. Byis a
0

single valued holomorphic function on C?, and ¢, = d@, — 9,d®,. For ge I,
we set 7 = z-g. Since ¢, is ['-invariant, d@ (z') = d®(z) (v = 1, 2). Thus we
have @,(7) = @,(z) + ,(g), where /fg) is a constant depending only on g.
Since

9:(2) = dOyZ') — D,(2)dDy(Z)
= dO(7) — (9,(2) + w(2))dP(2) ,

we obtain
0,7) = 0,(2) + 0(8)D,(2) + wy(g) ,

for some constant w,(g) depending only on g. Define a multiplication * of C* by

(21,2, 2) % V1 Y0 ¥9) = (T + Y0 % + Y0 Zs + 012 + P9

This multiplication * makes C* a nilpotent complex Lie group with the Lie al-
gebra of type III-(2). Hence G is isomorphic to (C?, %) as a complex Lie group.
Case ITI-(3). Set

,(z) = L © 5 D,(z) = f:e'”"soz , D) = L e"p, .

Since dyp, = d(e™%¢p,) = d(e®¢,) = 0, @, are single valued holomorphic func-
tions on C* and we have ¢, = d®,, ¢, = €"d®,, ¢, = d~-*dP,. By the same ar-
gument as in the case of II1-(2), we have

Q}l(zl) = @1(2) + wl(g) ’
0)(2) = e 9P,(2) + w8,
D,(2) = e ®0y(2) + wyg) ,

where 7 = z-g for ge I', and w,(g)’s are constants depending only on g. De-
fine a multiplication * of C, by

(T Zo> 2) % V1, Yoo ¥o) = (2, + Vi, €7¥Z, + ¥y €92, + ¥3) ©

The multiplication * makes C® a solvable complex Lie group with the Lie al-
gebra of type III-(3Y, so that G is isomorphic to (C?, «).
Examples. Case I11-(2). Set
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1 2z, z
G=3l0 1 z|;z,eC} =C,
0 1 1
1 0w, o
r={0 1 wo];0eZ+ 2ZJ/-1;.
0 0 1

The multiplication is defined by

1 z, z\(1 o o 1 40 24+ 05+ o
0 1 z}|0 1 wi1=]|0 1 Z + o
0O 0 1/\0 0 1 0 0 1

X = G/I is called Iwasawa manifold.

Case III-(3a). We take an algebraic integer « satisfying the equation o? +
Se + 7 = 0. Let E be an elliptic curve with fundamental periods {1, a}. Let
H be a group of analytic automorphisms of C X E X E generated by two
automorphisms :

01: (24, 25, 2) — (2, + 270, 25, 25)
020 (21,25, 2) = (2 + B (—a — Dz, (e + Iz,

where B = log &, and (z,, z,, z;) are global coordinates of C' X E X E. H acts
on C X E X E properly discontinuously, and its action has no fixed points.
The quotient manifold X = C X E X E/H is a parallelisable manifold of type
I1I-(3) with #*! = dim; H'(X,®) = 1. "

a b

Case I11-(3b). We take a unimodular matrix 4 = (c d) with trace 4 > 3.

Let a be an eigenvalue of 4, and 8 = loga > 0. Let E be an elliptlc curve
with fundamental periods {1, z}. Let H be a group of analytic automorphisms
of C X E X E generated by two automorphisms :

012 (2, 25, 2) — (2 + 2mi, 25, Z5)
0, (24, 2y, T3) — (2, + B, az, + bz, cz, 4+ dzy)

where (2, z,, z3) denotes the system of global coordinates of C X E X E. H
operates on C X E X E properly discontinuously, and its action has no fixed
points. The quotient manifold X = C X E X E/H is a parallelisable manifold
of type 11I-(3) with A%! = 3.

By virtue of Theorems 3 and 4 and the proof of Theorem 4, it can be
checked that A%' = 2 for a solvable manifold of type III-(3). Thus we obtain
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Theorem 1. Three-dimensional solvable manifolds are classified into the
following four classes:

Lie group b, r h | Structure (Albanese mapping)
(1) abelian 6 3 3 complex torus
(2) nilpotent 4 2 2 T*-bundle over T*
(3a) solvable 2 1 1 T*-bundle over T*
(3b) solvable 2 1 3 1 T%-bundle over T*

where T and T? denote complex tori of dimensions 1 and 2 respectively.

In this section, we have shown how to determine the structures of C° as
solvable Lie groups. Proposition 2.2 and the statement below show that this
algorithm is valid for higher dimensional cases.

Let G be a simply connected, connected solvable complex Lie group of dim #.

Definition. A solvable Lie algebra g has the Chevalley decomposition if
there exist a commutative subalgebra a and the maximal nilpotent ideal n of g
such that g = a + n (direct sum as vector spaces).

Assume g to have the Chevalley decomposition. Then by definition we can
choose a basis {#,} of g such that

[01 > 0»] = Z

p#=max(2,») C;anap ’
(2.1) [6;,61 =0 1<av<Ly),
[6,61= X cl.0, +1<av<n,
p>max(i,)
where ¢, = —c),,;.

Dualizing (2.1) by (1.1) we conclude that there exists a basis {p,} of right
(or left) invariant 1-forms on G such that

2.2) d%, = 2] Caupi N o,

where c,;, = —C,;. €, =0 if “1 <Av<s" or “s+ 1< 4y and p <
max (1, v)” or “u < max (1,v)”.
Furthermore we can arrange dp, in the following order:

Q,: dp =0, ---,dp, =0, where r = dim HYX, d0),

d@ denoting the sheaf of germs of closed holomorphic 1-forms on X ;

-1
Q,: dp,=sumof o, Ag,’s for (v, e (JQ:_, X Q,
(2'3) p=1

(l=2535“‘);
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Q=UQkandez{l""’n}—Q:{m+1:"'7”’};

any nontrivial linear combination of dg,, ., - - -, dp, cannot be represented by

a linear combination of dy,, - - -, dpn.
Proposition 2.1. Assume g to have the Chevalley decomposition, and let

{e.} be a basis of right invariant holomorphic 1-forms on G which satisfy (2.2).
Then there exist holomorphic functions @,, - - -, @, on G such that

%zd@x (ISXS"):
o= 3 F®dd, G+1<i<n),

v=g+1

2.9

where F,(@) = > F,.( @ exp(@®, + --- + aD,), F, (D) is a polynomial

in®, ---,0,_ ., and F(®) = exp (ai®, + --- + d'D)).
Proof. By induction on #» = dim G we shall prove the proposition, which
is obvious for n = 1. Assume (2.1) to be valid for v < n — 1. Since ¢, =

$§

'
25 a0,
p=1

d(exp (— i} a’;(DP)gon)
= —exp (_Z a;@,,)&,, N\ ¢n + eXp (_Z al‘@p)(&z A 7]n)
= FX@)do, N\ dD, .

1<i<vgn—1

By the hypothesis of the induction together with (2.1), (2.2) and (2.3) we have

F?;(Q):O (ISX,VSS),
F¥ @) = )} Ff,exp(a®, + -+ + a0,) ,

wheae F%,(®) is a polynomial in @,, - - -, D, _,. Take G, such that

G, /0D, _, = F¥* v>9, 6G,/80, =F%_, (v<s),

wm—1

d(exp (— X @:0)¢, + T G0, — T G.dd, )
v>8 v<s
= >, F{do, N\ dd, — X, F*_.dd, A\ dD,_, — 3, F*_d®, A dd,_,
v<s

i<y »>8
+ (terms of d@, N d®,, {,v < n —2)
= 3 F¥*do, N do,, where Ff* = Ff*(@,, ..., 0,_) .

A<s<n—2
oFt*

-1

dD, N dP, N dD, + ---, we

Since 0 = d( ST FERd, A d(by) -

A<v<n—2
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have 9F}* /8@, _, = 0. Hence Fi* = E¥*(@,, :--,D,_,). Obviously F¥* = 0
(1 < 2,v < 9), etc. Thus we obtain the proposition by induction. q.e.d.

By the same way as stated above we can contruct a multiplication x of C”.
In order to show that this multiplication defines a Lie group structure of C* we
have only to check the associative law. We can easily do this by using the
fact that ¢, is a right invariant 1-form on G and the multiplication is written ex-
plicitly (see below). Hence the multiplication x makes C* a complex Lie group,
and (C~, %) is isomorphic to the Lie group G.

The multiplication * is defined by

(ZU ’ "?zn)*(yl’ M >y7z) = (Zl + Yis "9 %y 'I" Yrs ¢y
exp (—ay,— - —ay)z, +y, + F.(z,), ),

where F,(z,y) is expressed in z;, « -+, Z,_1, Y1, - * *» ¥,_;- Therefore we obtain

Proposition 2.2. Assume g to have the Chevalley decomposition. Let {¢,}
be a basis of right invariant 1-forms on G which satisfy (2.3). By an appro-
priate choice of a system of coordinates (z,, - - -, z,) of C*, {¢,} are represented
as follows:

dz, , 1<,
2.5 = 2
o 2. F.(@dz,, r<i,

y=5+1

where F,(2) = . F,,,(2) exp (Z} a,,z,,), F., is a polynomial in z;, <+ -, 2,
a p=1

S
and F,; = exp J, d'z,.
p=1

Dualizing Proposition 2.3 by means of (1.1), we obtain

Proposition 2.3. Let {8} be a dual basis of right invariant vector fields. of
{@:}. Then by the same system of coordinates of C* as in Proposition 2.2, {6,}
are represented as follows:

a/aZZ, 1_<_2£r’
(2.6) g, =

3 G(8/z,, r<a,
p=2
where G,(2) = 3 G,.(2) exp (i} a,,z,,) and G,,, is a polynomial in z,, - - -,
a i p=1
Z,-1-
3. Construction of Kuranishi families of deformations of
three-dimensional complex solvable manifolds

In this section we shall calculate small deformations of three-dimensional
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complex solvable manifolds constructed in § 2. In these cases we see that sev-
eral numerical characters, such as 4?? (p, q@) +# (0,0), r, P,, (m > 1) are not
necessarily invariant under small deformations. Moreover, in the case of ITI-(3b)
there are small deformations whose universal covering are not biholomorphi-
cally equivalent to C®.

Kodaira first calculated small deformations of Iwasawa manifcld. In the
first part of this section we shall introduce his result.

Case III-(2) Let X = C*/I" be Iwasawa manifold. g € I" operates on C°
as follows:

=+, H=L+w,, LZ=%L+t oy + o,

where g = (0, w;, @,) and 7 = z.g. There exist holomorhpic 1-forms ¢,, ¢,, ¢,
which are linearly independent at every point on X and are given by

o=dz,, ¢, =43, ¢,=dz,— zdz,,
so that
dp, = dp, =0, do, = —¢, N\ @, .
On the other hand we have holomorphic vector fields 4,, 6,, 6, on X given by
6,=20,, 6,=0,+z0,, 0,=20;,
where d, denotes 9/dz,. It is easily seen that
[6,,6,] = —16,,6] = 6, , [6.,6:] =16,,6]=0.

In view of Theorem 2 (§ 4), H}%(X) is spanned by &,, &,. Since 6 is isomorphic
to @, HYNX, ©) is spanned by 6,5,, i = 1,2,3, 2 =1, 2.
For vector (0, 1)-forms ¥, =, we define

[y, 7] = Zﬂ (P N 92? + 7% N 9°YF), ,
where ¢ = 3] ¥“9, and r = }, r?9,. (Cf. [3].) We have
(0.0, 0,5.] = [0, 0:15. N @, .
We shall construct a vector (0, 1)-form + such that
3.1 oy — 3y, ¥]1=0.
Set +fr = Z (0, where () = Z Z 1,03, and (9 is the homogeneous

term of total degree « in #,;. Then
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31&2([) - %[1#1(1), 1r”l(z)] = (zuzzz - 121112)03951 A ¢2 .

Set () = —(t,t,, — 1,,2,,)0:p,. Thus we obtain a solution of (3.1) given by

3 2
1!f(z) = Z:l 12:1 ti101¢1 - (tuzzz - t21112)03¢3 .
i=1i=

This proves the existence of a locally complete complex analytic family of de-
formations X, of X depending on 6 effective parameters 7,,, [3].
Next, by solving the system of differential equations

(3.2 &, — 40, =0, v=123,

under the initial condition £,(0) = z,, we have the solutions:
2 _ 2 _
L=z+ 12:1 1:Z; » Lo=12, + 12:1 1,2 »

G=2+ 3 + 1205 + AQ — DL,
where
D(®) = tyty, — tyty, AR = 31,2 + 20080702, + 117D .
Since

ac, N\ di, A\ dg; N\ dgy A\ dG, A dg,
= c(dz, N\ dz, N\ dz; N\ dZ, N\ dZ, \dZ, ,
where ¢(?) is a differentiable function in ¢;, with ¢(0) = 1, it follows that
D: (2, 235 25) — (£, &> &) is a diffeomorphism of C° if ] |1;,] < e for suffi-
3,4

ciently small positive number e.

]
C——s
diffeomorphic
. o e
@

X -_— X,
diﬁeor;omhic

Since z is a covering map, #, = ¢omo @' is also a covering map from C* to
X,. Therefore C* is the universal covering of X,, thatis, X, = C*/I", for a
group [I'; of analytic automorphisms of C°. The group [, is defined by

C; =& + CD1(t) ’ C; =, + cb'z(t) s
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Cg =+ d)s(t) + w0l + (zZ: tzxwx)g + A(@) — D(t)ws s

where @,(f) = w; + @, + 1,@, for (0, w, @) & .
Now we summarize the numerical characters of deformations. The deforma-
tions are divided into the following three classes:
i) t,=t,=1t =t, =0, X, is a parallelisable manifold of type ITI-(2).
i) D@ =0and (¢, 1, 1, 1) # (0,0,0,0), X, is not parallelisable.
iii) D(#) # 0, X, is not parallelisable.

ro | mLo | pon | pzo | g1 | poz | pso | pp1| pL2 | 03 Po (m> 1)
| 2|3 2|3 6| 2]1}|6]|6]1 1
i | 2 | 2212|5215/ 5]1 1
iy | 2| 2 2 | 1| 5|2 1] 4 4]1 1

R3-pi-a — pp.g

Next we shall calculate small deformations of a solvable manifold of type
I11-(3) constructed in § 2. As stated before, A*(X) = 1 or 3 (see the proof of
Theorem 3).

First we shall consider the case where %' = 3. Let X = C*/I" be a solvable
manifold constructed in Example III-(3b). By an appropriate linear transfor-
mation of z, and z;, g € I" operates on C® as follows:

A=+ w, L=e€e"L +w, =e"L+ u.
There exist holomorphic 1-forms ¢,, ¢,, ¢; on X given by
o=dz,, ¢ =edz, ¢ =edy,
so that
dpy =0, do, =0, Ny, dos= —¢1 A @5 .

On the other hand, there exist holomorphic vector fields 8,, 6, 8, given by

6, =29, 6,= é-z-az , 0y = e"d;,
such that

6., 6,] = —[6,,6] = —6,, [6,,6,] = —[6,,6,]1 =6, [0, 6] =0 .

Hp'(X) is generated by of = dZ,, of = e”dZ, and ¢ = e~*dz, (see the proof
of Theorem 3). Since ¥ = e*"%5, and ¥ = e~ "1*45,, Hy'(X,0) is spanned
by 8,0F,i =1,2,3, 2= 1,2,3. We shall construct a vector (0, 1)-forms
satisfying (3.1).
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Set (7)) = }E (8, where () = i i t; 0,0F and (2) is the homo-

by e
geneous term of total degree « in t;;. Then we have

[0.0F, 0,051 = (0,0, + 16, 0, DeF N of ,

[0.0F, 0,0F] = (—6,8, + [0, 0. Dof N oF ,

0.0F, 0,051 = (—6,0, — 6,0, + [0, 0,DoF N of ,
s dd = 96, + 9.0, + 9405,

where

= —tutlsﬂo;k AN §0§k + t11t12§0;k AN (P;k - 21‘1zt13§0:ik AN §0’§ s
N = (tz1t13 - 2t11123)$0ik A SO;C + t12t2190;k AN SOQK - 21‘1zt2390;k AN 90:>=k >
N3 = _t13t3190;k AN Soék + 2tyty — tsltm)SDik AN ‘P;F - 2t13t32g0§" A §0§k .

Since oy, = [y, Y1, it follows that », is cohomologous to zero in Hy*(X).
Lemma 3.1. Set p = A¢F N of + BoF AN oF + Cof N\ of, and assume
that 7 is cohomologous to zero in HY*(X). Then A = B = C = 0.
Prooj' AN of = e A Ps o5 N ©oF =8, N\ B, oF N\ oF = €172,
N &, 0¥ /\ o¥) = 0. If f,, f,, f; are functions in z,, Z;, then

8(_]"@2 AN @y + fz¢1 VAN @5 + f3¢1 AN 952) = —(a,fz + f2)¢a - (alfs - fa)‘/_Jz )

where 9 is the adjoint operator of 9 (see the proofs of Theorems 2 and 3). Thus
YlpF N\ of) = HoF N oF) = ok N of) = 0, and ¢ N ¢F is harmonic. Hence
p=0,A=B=C=0. q.e.d

It follows from Lemma 3.1 that

ity = 0 > tht, = 0 3 Loty = 0,
(3-3) Intyy — 2tutza =0 y bl = 0, Loty = 0,
Iyt = 0, 2"‘113‘:«32 — Ity = 0, Ll = 0.

Consequently ¥ = ;.
By solving (3.2) we have the solutions :

n=2z + ty — log (1 — t,e2Z,) + log (1 + te™"Z;) ,

. = = —tz t,.e”
P =2 + bl — nlpe 207 — LS e(e v — 1) + ——'——23 % s
ty 1 — t,e 7z,

_ == t t,.e*
8o = 23 + tyZy + lpln€2,Z, + 2 e(e — 1) + 2 2 Z — .
ty 1 — 1,77,

Four cases may occur. If t,, = t,; = 0, we infer that C® is the universal covr-
ing of X; by the same argument as in the case of III-(2).
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Case 1: h,#0, y=ly=ly=1,=0, L=z + tuly,

8 =2, + tpZ, — ___t21 e gt — 1),

11

Cy = 23 + tuZ, + I gn(emn _ 1)

11

C? is the universal covering of X,, i.e., X, = C®/[", for a group [, of analytic
automorphisms of C*; the group I, is defined by
C{ =L+ o,

C; — e—ﬂucz + a.)z + t21 e—Cx—-wx(l —_ e—tuﬂ_)l) ,
11

b= ety + @ — L ebrn(l — et
11

where &, = w; + t;;@; for (v, w,, w;) € I

Case 2: =1, =14=0, &=z,
6=2 + tyZy + e 2% + tue 7y,
§ = 23 + 2y + 1,677, + 177, .

C? is also the universal covering of X, i.e., X, = C*/I";; I', is defined by

7
=40+ o,

g - ~ o _20,—2
8= e, + @, + tywe BT 4 tylyem I

L= €Ly + @ + 128,657 + 1,m,804%
where @; = w; + t;;@;, | = 2,3 for (w,, w,, w;) € I

Case 3 (Kodaira): ¢, # 0, =ty =t, =ty =14;; =0,
=2 — 10g (1 - 11262‘22) ) =2, + 157,

€7,

8 =25 + 23 + —2—"—.
3 3 3343 1— 1,67,

Set
w==e", p=W—1I,2,, 7.=2+ T,
n 1

N = Z3 + U2 — -
t, W

Any g ¢ I" induces a transformation g, of W, as follows:
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7 = ey — 1,®) 7% =e 1y + @), 7 = ey + @) ,

where W, = {(771, N2s 73) eC*; (1— ltzzlz)ﬂx + 112(772 — E’h) +* 0} and @; = o; +

@5, i = 2, 3for (w, @, ws) € I'. Set 4, = {g, ;g ¢ I'}. Then we have X, = W,/ 4,

for X [t;,) <1 and X = X, = W,/ 4,. For t;, +# 0, W, is not a domain of holo-
1,4

mor];)hy. In fact, by virtue of the edge of the wedge theorem [6] any multivalued
holomorphic function on W, extends to C°. In particular the universal covering
manifold W, of W, cannot be imbedded into C* for any n.

Case4: t,#0, t,=ty,=t, =8, =1,=0.
By the transformation: (z,, 2, 23) = (—2,, — 25 —25)5 (&0, 5y &) = (=845

—&,, —&,), we can reduce Case 4 to Case 3.
Now we summarize the numerical characters of small deformations in Case

3.
r th h(ll hOZ hSU h03 hSI h32 Pm(m 2 1) X
i) tu=0
1,23 | 3 3 3 1 1 313 1 0
i) t,#0 0 0 2 1 0 0 2 1 0 —o0

Thus we obtain
Theorem 2. 7?7 (p,q) + (0,0), r, P, (m > 1) and « are not necessarily
invariant under small deformations.
Secondly we shall consider the case where X is of type HI-(3) with A% = 1.
Holomorphic (-forms and vector fields on X are given as follows :
© = dz, , @2 = e“dz, , ©3 = e *dz, ,
0,=206,, 6,=e%9,, 0,=e"0,.

H“'(@) is spanned by 6,3,, 8,p,, 6:¢,, and the vector (0, 1)-form + satisfying
3

(3.1) is given by (¢) = 3 1,6,5,. We can construct a locally complete complex
=1

analytic family of deformations of X depending on 3 effective parameters ¢,.

Case1: 1, #0, &=z + 4%,
1 : 1

Xt = C¥/I';, and the group I'; is defined by

4 71 ‘ e t——m - 113
=8+ o + 4o, C2=31C2+-t—zee‘ (1 — e~ %) |

1
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o= ey, — %e‘l*“’l(l — i) for (0,, w,, w) e I .
1

Case2: 4, =0, (=2, L=2+45%, §=2 + L7 .
xt = C*/I',, and the group I, is defined by
C; =0+ o, C; = e_wICZ + @, + tzale_h_m s

o= e, + w, + @€t for (0, w,, wy) e I" .

4. Proofs of Theorems 2 and 3

The following theorem is due to Kodaira.

Theorem 3. If X is nilpotent, then h" = r.

Proof. We shall calculate the dimension of harmonic (0, 1)-forms by the
Dolbeault isomorphism HY(X, ¢) = H}X). Let {¢;} and {6} be a basis of
H(X, ") and HYX,®) dual to each other with respect to (1.1), which
satisfy (2.1) and (2.2) respectively. Let ¢ be a differentiable (0.1)-form on

X. Then ¢ = }nj f.¢,, where f,’s are differentiable function on X, so that
A=1
350 = ; (9va)¢v /\ ¢1 + Z:.lf/zdgz’l = ;} (91fv - 91](” + 2 Zl CTufp)¢y /\ ¢1‘

For a differentiable (0, 1)-form y = En] 8,7, we define
2=1

(90’ ) = J.Xlzzlfzgz dx ,

where dX = i™™o, A\ «++ Ay A @ +++ A $n-

Let -2 be the adjoint operator or ¢ with respect to the inner ( , ). For a dif-
ferentiable function g we have

(99, 8) = (p, 3g) = L 5103 dX = —L (33 64)% dX .

Hence J¢ = ——i 8,f,- Assume that ¢ is harmonic so that dp = 0, 9¢ = O.
i=1
Consequently

0f— 0+ 25651, =0, 3164=0.
Define the Laplacian [] by
O=9 +39.
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Then [1f = 0 implies df = O for a function f. Hence f is holomorphic on X,
and is constant.

af, = =2 X €0, .
A,p=1

Since X is nilpotent, we have c¢,,, = O (v > p or 2> g). Thus [Jf, = 0, which
implies that f, is constant. From this it follows that

E]fn—l = __2le Cnn—-l,; 01fn =0.

Thus f,_, is constant. Inductively we conclude that any f, is constant. Since

= n

0 =0, f, = 0(r<2). Hence ¢ = J] f,i5, where f,’s are constant, i.e., A%' = r.
=1

Theorem 4. If X is solvable and its Lie algebra has the Chevalley decom-
position, then we have b, = 2r.

Proof. First we assume X to be nilpotent. Consider the following exact
sequence :

0—sC—nosdo— 0.

Then we hove
0—- H(X,d0) - H(X,C) - HX,0) > --- .

From theorem 3 it follows that b, < 2r, while in general b, > 2 dim, H(X, d0O).
Hence we complete the proof in case that X is nilpotent.

Now we assume X not to be nilpotent. Then the Mostow decomposition
(X, =, B) is nontrivial. Set dim B = s (>1) and dim X = ». Then we can take
a system of coordinates (z,, - - -, 2,,) of the universal covering C" of X satisfy-
ing the following two conditions : ’ '

(1) & is the projection to the first s factors, and (X, z, B) is a holomorphic
fiber bundle with nilpotent F as fiber :

X=C"I"3(z, - ,2,)
B =CS/F9(ZL, ""Zs) .

(2) 6, ¢, are represented in the forms (2.5) and (2.6), and g, € /", induces
an analytic automorphism of F and Alb F; hence g, operates on (z,,,, - - -,
Zs. ) as an affine transformation.

+ec,s5+ 1<vy<s + r(F), where a,, is constant and ¢, = ¢,(z,, - -+, Zg, 81)-
By induction on v we can check that any c, is constant depending only on g,
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in view of the representation (2.5) of ¢,. Consider the following spectral se-
quence :

Ept = H*(B, Rz, 0x) > H"*YX,0) .
Then we have the exact sequence:

0 — HY(B, Op) —» H\X, 0x) » H'(B,R'z,0;) — - - -

Ul
HY(X)

Since F is nilpotent, Hp'(F, O) is generated by dZ;.., - - -, dZ;. ,#,, and there-
fore any element 4 of H%B, R'z,0yx) can be written in the form .=

s+ r(F)
+Z] f(2)dz, where f,(z) is holomorphic in z, - - -, z,. By the above arguments,

2=s+1
+r can be viewed as a (0, 1)-form on X, and can therefore be written as ¢ =

n

>, 8.7, where g, = 8,2, -+ +5 255 Zy» * * *» Zo) 18 antiholomorphic in z,,, - - -,

A=s+1
Zpe

By Proposition 2.3 we see readily that o¢ = 0, 9y = — Zn] 0.8, =0, and
1

1=g+
consequently that + itself can be viewed as an element of H(X, ¢) = H%'(X).
Hence HY(X,0y) = H'(B, 05) @ H(B, R'z,0y), that is, any element  of
H}'(X) can be represented in the form
+7(F

8 8 ) 8 n
¥ o= g:lczdzz + Z“fz(z)dzz = g:lczdzz +1 Zlngz ’

=5+

where c, is constant, and f,, g, are the same as above. We shall calculate the
dimension of real harmonic 1-forms on X. Let ¢ be a real differentiable 1-
form given by \

o= Bxx+ 287>
i=1 A=1
where g, is a differentiable function. Set + = i} 8%, Then ¢ = ¥ + 4.
Define d, é by -

dp =@+ + P, Sp =3+ D + ) .

Assume ¢ is harmonic. Then dp = 0, dp = 0, and therefore 3 = 0, 3 +
dy = 0. Since ¥ + oy = 3 (0,2, — 6,8.)0, N\ @,, we have

“4.1) 0.2, = 01_&:—'

On the other hand,
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[VJ:

0=27dp= 0—

’ff[_v_]a

0.8, = "‘214_\:,1‘ 0.8: .

a

Il
—

From this it follows that 9y = — 3" 6,g, = 0. Since §y — 0 and Sy = 0,
=1

is an element of H}'(X). Thus ¢ = Zs: c,dz; + f} g,@x for some constant ¢’s.

From (4.1) we conclude that any g, 1s constant Smce dp = 0, we have g, =0

(A > r). Accordingly it follows that ¢ = Z c + Z Cyp; Where ¢;s are com-
=1

plex numbers. This implies that dim, H(X, R) = 2r ie., b, = 2r.

Remark 4.1. In the proof of Theorem 3 we have given an explicit descrip-
tion of elements of H}Y(X). Since O is isomorphic to 0*, H}(X, 8) is spanned
by 8,0 (i =1, - -+, n) for elements ¢ of HY*(X).

Remark 4.2, If X is not nilpotent, then X = C” x F/I', for a nilpotent
manifold F and a group ", of analytic automorphisms of C* X F. Any element
g of I', induces an automorphism g* of C* X AIbF. Set I'} = {g*;ge I}
Since I', operates on C° X F properly discontinuously without fixed points,
I'f¥ operates on C* X Alb F in the same way. Thus X* = C* X AlbF/I'f is
a compact complex manifold, and is therefore parallelisable and solvable. Using
this fact we infer that a parallelisable manifold with the following basis {¢,} of
HY(X, Q%) does not exist:

dp, =0, do,=¢ Ne¢,, dpy= =2+ Do, A ¢,
do, = pp, N @y, dos=(p+ Do, Aoy + o Aoy

where y is constant, and u(¢ + 1) %= O.
Proof. 1If a parallelisable manifold X of this type exists, X* is a parallelis-
able manifold with a basis {\r, ¥y, V3, ¥} of HU(X*, ) such that dyr, = O,

dry, = Ay N gy difrg = —2(pe + Dy A Vs, diny = iy A ¥, This contradicts
Lemma 1.4.

5. Proof of Theorem 5

First for brevity we assume g to have the Chevalley decomposition. Let {¢,}
and {6,} be dual bases of H'(X, ") and H(X, ®) which satisfy (2.1) and (2.2)
respectively. The assumption means that H}'(X,®) is generated by 4.,
A=1,---,n,and i=1,...,r. Define a (n — r, n — r) matrix 4 = (4;)
by

Az‘f = 2/‘)0 g ci+r2ucj+nu s l’] = 17 cee, B —1r,
A<y

where vo=LdX=i—n“Lgol/\ e ANGuAGA e A G
Lemma 5.1. det (4;,) # 0.
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Proof.  (6¢y. s a9".1+T) = (dgirs d901+r) = Z CivrssCirra v = = 24,,. Thus,
in order to prove Lemma 5.1, it suffices to show the following :
If for a 1-form + = Z c05 @Y, 0p,) =0, v=r+1,.--,n, then we
Ae=r+1

have » = 0, where c¢s are constant. However this is obvious. q.e.d.
It follows from Lemma 5.1. that there exists (n — r, n — r) matrix (4%)

such that Z Ay AY = 8y,

Lemma 5 2. For a(0,2)-form ¢ = }; a,3, /\ ¢, with some constants a,,
A<y

¢ is cohomologous to zero in H¥(X) if and only if ¢ = i adp,, where s
. 1

A=7+
are constants.
Proof. For a (0, 2)-form ¢ = Y a,, A\ ¢, the adjoint operator & of g is
A<y

defined by
"950 =2 Z Cin Py = 2 Z Ciorn@y@rpr -

A<y A<y

Set

HSD =@ — Y Z A, +11va1vd¢1+r .

1<v

If 0p = 0, then Hy is harmonic, i.e., d(Hyp) = 0, 9(Hp) = 0. In fact, 3(Hy)
= _0¢ = 0. Moreover,

'S(HSD) — 2 Z cu»axuﬂot - 4”0 Z cz+r1na1uA ck+raﬁcy+raﬁ§0k+r

1<v 1<v ¢<ﬁ

=23y — 2 ), ci+12ua2uAﬁAkj¢k+r =0.

Since H is nothing but the projection of the harmonic part, we have Hy = 0 if
¢ is cohomologous to zero. “If” part of the lemma is obvious.
Lemma 5.3. Under some algebraic relations betweent, (i = 1,---,n, and

A=1,-..,0), there exists a vector (0, )-form + = f} Y. (2) for some n, < n
a=1
such that

G.1) o — ¥l =0,
where r, = i i t,.0:%:, and b, is the homogeneous term of total degree o
i=12=1

in tg,.

Proof. Set = i Y () and 4, = i i} t;.0:%,, where +, is the homo-
a=1 . 1=0 2=1
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geneous term of total degree o in #;,. Since [6;5,, 6:2,] = [6,, 6:15, N\ ¢, We
have!

n

i, = £, ¥l — 2 a}yi(t)ﬁiﬁz’z N, -

i=1 A<y

7i = Y, @38, /\ & is cohomologous to zero in Hy*(X). Hence from Lemma
A<y

5.2 it follows? that 7; = 3 b,(1)dg, for some b,(1) and
rEQ2
(5-2)1 a}lvi(t) =2 Z b}n:(t)culv .
]

(In general (5.2), is nontrivial ; see (3.3).) Then we have

s = [y, ¥,] = Zo /%:Q a,.0:6, N\ @, .
205

Again from Lemma 5.2 it follows that

7%= N & N\ g= 3 budp,  for some b, ,
1281 BeQs
4 2

(5.2), a0 =23 bzi(t)culv .

Inductively we define 4, and bZ(?) under additional relations (5.2),, - - -,
(5.2)p,_;. Since | J, Q, is bounded, we obtain the desired + after finite steps
of processes. q.e.d.

(5.2), ---,(5.2),,., define an algebraic set A in C*". Set A, = {(t;,) e A4;
ZO ;} It;;] < e} for a sufficiently small positive number ¢. Lemma 5.3 implies
i= =1

that there exists a maximal complex analytic family of deformations of X de-
pending on nr parameters t;,. A, is the Kuranishi space of deformations of X,
[3].

Lemma 5.4, The system of differential equations
(5-3) SCa_llf(t)Ca:O7 & = 1:"'7”

can be solved in C* X A, under the initial condition £ (0) = z,, where 0 ¢ A,
denotes the origin of C™.

Proof.  Since (5.3) is the integrability condition of the system of differential
equations (5.3), we can formally solve it by the interation method. To this
end we must show that the formal solutions converge in C* X A, for a suffi-
cient small positive number e.

In view of Propositions 2.3 and 2.4 together with Lemma 5.3, + is repre-
sented by

L2See (1.4) as for Oy, Qs etc.
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=N Dt + 2 5 3063,

k=7+1 p=r+1 =2

where m = #Q (see (1.2)), and «f, denotes the homogeneous term of total

degree 8 in t;,. Then we have Z‘ af,6, = i b, (¢, 2)dz, for a polynomial

p=71+1 p=r+1

b, (t,7) in Z, - -+, Zp_y, Liz, Which is of degree g in ¢;,. Therefore the system
of differential equations (5.3) is equivalent to the system of equations :

n

5L = 3 10 + z ST bit, 26,L

=2 i=7+1

...............................

5.4) 0.0 = 51,68 + 3 3 bi(L2DOL,

2i=r+1

.
i

-

o
I

5L=3 3 boL  forpeQ(>2),
z
=0 forped@. .

Set £ = i s where £, denotes the homogeneous term of total degree g in #,,.
8=0
Case 1. Assume &(0) = z, or requivalently {;, = z, (@ = 1, -- -, 7). Then
we have

0L =ty, p<r;  04,=0, u>r.

Hence setting £, = Z‘ t,,Z,, we obtain the solution { = z, + Z 2,

Case 2. Assume Co =z, (ae ). Denote by D,(f) the degree of a polyno-
minal f with respect to z,. Since 3,{, = ¢, (¢ < 1), 0,{; = 0 (« > r), we have

= i} t,,Z,. From Proposition 2.4 it follows that for x (<m)
pg=1

0z=0G>pori<s), 0z,=1, 0z,=G;,,(u>i>s),

where G, is a polynominal in z,, ---,z;_,. Hence we have (D,({,) =0,
DT(Cz) =0 (r >aw. If D,_ (&) =N, then D, (&) =N — 1, D;—(Ca) =0
(y > «). Inductively we obtain D,_({y.,) = 0 D(ly.) =0 (4 > a).~For a
sufficiently large integer N, we have

Dy(CNl-M):O, 721"",”7 521,"',711,_

Ny+é
so that we may set £, = Oforany 8> N, + 4. Hence { = 3 {, is the desired
8=0

solution.
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Case 3. Assume &, = z, (@ € Q.., i.e., « > m + 1). Similarly, as in Case
2 we have D(y,) =0, y=s5s+1,.--,n, d=1,-.-,n,. Therefore the
problem is reduced to the case where

r=s, and ¢, is a polynomial in €*, 2, ---,2,,

and it suffices to prove the covergence of the series Z ¢; only for § =

esz,*. . .z, Moreover, the system of differential equatlons (5.4) takes the
form:

= 2, 0L .
i=1

Define the norms || || by

Izl = éw, 2] = 2 é"ul’ 1= 5 o Bol a2

1Pr

for a polynomial f = 3 a;,...,,2,% - - 28 Since 6,8, = J £,,0:{,, We have
&= Z tpz(a/iCo)Z—,, >
2 2
and therefore |6, < ] 12/ 151, 3,6 = X .04, Thus & < LI 0

Idductively we have |{,] < M—“_ZH'ZI_FHG{,"]L and

k!
C(k) — ezl(z 31)(k1) .. ,(Zer (kr) .
V= B Tl kT "

Therefore ||{¥] < Tk_]ij_’- M-G(z) where ¢, = Z e, G(z)= e
2. lzlz - - +|z,%7], and M is a sufficiently large positive number inde-
0< fu<en

pendent of k. Hence

PEEIPIEI

 Cel + MGl 20 5 - Il

ie

T4/ + MG 1z exp (lel ) - q.e.d.

In view of the proof of Lemma 5.4 we have

dG A - NG AL A -+ A dE,
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=c®dz; N\ --- Ndz, NdAZL N -+ NdZ,,

where a differentiable function c(¢) of ¢,, is independent of z,, - - -, z,, and satis-
fies ¢(0) = 1. Hence by the same argument as in §3 we conclude that any
small deformation X, (¢ ¢ A,) has C" as the universal covering for a sufficiently

small positive number e.
In ‘the general case we can apply the following lemma which is a weaker

form of Propositions 2.2 and 2.3.
Lemma. Let G be a connected solvable complex Lie group. Then we can

choose a global coordinate (z,, ---,z,) of G (= C*) and a basis {¢,}, {6,} of
right invariant 1-forms and vector fields respectively such that

2 n
¢ =2 Fi(dz,,  6,= % G.(23]z,,

where F,, = F (2, - -+, 2,_1), Gs, = Go(2y, - -+, 2,-1) and (6,, ¢,) = 8,,.
By quite similar arguments we can also prove Theorem 5.

6. Classification of four- and five-dimensional complex solvable manifolds

By an elementary calculation together with Lemma 1.4 and Remark 4.2 we
classify four and five-dimensional complex solvable Lie groups which may
have uniform subgroups as follows :

Type 1V :
1. dp,=0, 1<1<4.
2. dp;, =0, 1<2<3, do=—0,N\g,.
3. dpy=0, do,=0, do,=—¢, No,, do,= —20, N ¢, .
4. dp, =0, dp, =0, do;=¢, Ny, do,= —¢, N\ g, .
5. doy=0, dp, =0, \No,, do,=ap N ¢,
do, = —(1 + a)o, N o, , al +a)%0.
dpy =0, do,=p Neg, dp=—oNgs, dpo=—p, N\ gs.
7. doy=0, do,=0 Ao, dp,= —20 N ¢,
do,=dpi N\ o — o1 N\ @ -
Type V:
1. dg, =0, 1l<a<s.
2. dp, =0, 1<2<4, do,=—0, N o, .
3. dp,=0, 1<2<4, dpy=—-o, Noy—o, N\ o, .
4. dp,=0, 1<2<3, doy=—0, Ng,, dos=—o N oy.
5. do, =0, 1<2<3, do,=—0, N\N@y, dpy= —20, \ @, .



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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dga;:O, 1<a2<3, dga4=—g01/\§025

doy = —20, N oy — @ N\ 5.

dp;=0, 1<2<3, do,=¢; N\, dog= —0; N\ os-
dp, =0, 2=12, do,=—¢, N, do,= =20 N ¢,
dos = —20, N\ @5 .

dp, =0, 2=1,2, dps= —p, Ny, do,= —20, N ¢y,
dos = =30 N\ ¢, -

dp, =0, 2=12, doy= —o, N ¢, do,= =20, N ¢y,
doy = =30 N oy — @ N\ 5 .

dp, =0, 2=12, doy=—¢, Nop,, do,=0 Ng,
dos = ¢ N\ @y -

dp,=0, 2=12, dpy=0, N, dpy=0,No,,

dp; = — (g + ) N @5 - »

dp, =0, 2=12, dps=¢, N\ ¢;, dp,=ap, N\ ¢, ,
dps = —(1 4+ e, N,  all +a)#0.

dp, =0, 2=12, des=¢, N¢g,, dpo,= —20 N ¢,
dos = N\ os— o N o,

dp, =0, 2=12, dp=pNgs, doy=—0, N\ o>
doy = —@3 N\ @, -

dp, =0, 2=12, do;=¢o Ngy, do,=—on N\ ¢,
dos = —@s N oy — o1 N gy .

do, =0, do,=¢, N\ @, dos=ap, N\ @y, do,= o N ¢4,
dos= —(1 4+ a+ Doy N\ 5, afl+a+p+0.

dp, =0, dp,= —3p, N¢,, doy=¢, N ¢,

dpo=pop Nee—o Nos,  dos=p N\ os— o0 N g
dp, =0, doy=0, Ngy, dpy= —¢ N g5,

doy = Noe—p Ny,  dps=—0 N — o N\ gy

dpy =0, dp, =90, N, doy=0 Ny — ¢ N gy,
doy,=ap N g, doy= -2+ o Ng;, a2+ a)#0.

Lemma 6.1. Let A be a3 X 3 matrix which induces an automorphism of
a complex torus of dimension 3. Assume that A has eigenvalues «, @ and a™2.
Then « is a root of unity.

Proof. Let @ be the proper polynomial of 4. Then

T(x) = P(x)P(x) € Z[x] .
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Assume « is not a root of 1. We shall prove ¥ is irreducible in Z[x]. In fact,
if ¥ is not irreducible, there exist @,, @, ¢ Z[x] such that ¥ = ¢,@,. We may
assume deg @, > deg @, > 2. Two cases may occur. First, we assume deg @, =
4, deg @, = 2. Put F(x) = (x — a)(x — @) ¢ R[x]. If F|®, in R[x], then F =
+ @,. Since the constant term of ¥ equals =+ 1, that of &, equals = 1. Hence
|e] = 1. Any conjugate of « has absolute value 1. Therefore « is a root of 1.
This is a contradiction. If Fy®, in R[x], then F*{®, in R[x], hence F* =
+ @,. Similarly, we are led to the contradiction. In case deg @, = deg @, = 3,
we also have a contradiction. Thus ¥ is proved to be irreducible. This con-
tradicts the fact that ¥ has a double root. q.e.d.

Similarly we obtain

Lemma 6.2. Let A be a 4 X 4 matrix which induces an automorphism of
a 4-dimensional complex torus. Assume A has eigenvalues «, o, o, 3. Then
a is a root of 1.

From these lemmas, we conclude that a parallelisable manifold of type IV-
6, V-14 or V-18 does not exist. In fact, in the case of IV-7 we consider the
Mostow decomposition z: X — B. Then B is an elliptic curve, the fiber F is a
complex torus of dimension 3,

X=C4/F, g=(co1,wz,w3,co4)el’,
and g: F — F is given by
(255 25, 2) —> (€792, + ©,, €¥1Z; + w4, €72, + e w2, + o) .

Lemma 6.1 shows that e is a root of 1. This contradicts the fact that {w, ;
(@, @, @5, @) € I'} are periods of the elliptic curve B.

Similarly it can be proved that a parallelisable manifold of type V-15 or V-
18 does not exist.

The author does not know whether there exist parallelisable manifolds of
types IV-5, V-11, V-13, V-16, V-19, V-20. In other cases we can construct
examples of each type. Now we summarize the results. In the following table
we omit z; + y, for simplicity. For example, zxy = (2, + ¥; + ¥.2,) implies
2xy =5 + Y,% + Y 2 + Y5 + N2

Type IV Z%xy
1 abelian
2 nilpotent Zy+Ys+Yals
3 nilpotent Zs+Ys+YiZs, Za+Ya+2y123+yizs
4 solvable e Y2z3+y;, e¥2Z,+y,
5 solvable e Vizg+y,, e Wizz+yg. ed+ vz 4y,
6 solvable e Y173+ y,, e¥1Z3+Ys, Zat+Yi+eViyez;
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Type V Zxy
1 abelian
2 nilpotent 25+ Y5+ Yas
3 nilpotent s+ Y5 +3123+ Y24
4 nilpotent 24+ Y4 +¥122, Ts+Ys+Y123
5 nilpotent | z4+ys+¥yeza, 25+ ¥s+2yazi+yizs
6 nilpotent | z,+yi+¥122, Z5+Ys+2y120+Ye2s+Yize
7 solvable e YsZy+yy, e¥szy+ys
8 nilpotent 23+ y3+ 122, Zat+Ys+2y123+¥3iza,
25+ Y5+ 2yaza+y123+2y1y222
9 nilpotent Za+Y3+¥122, Za+Ya+20125+ Y3z,
Zs+ys+3y124+3y3za+yiza
10 nilpotent | zZz+Y3+yiZey Za+Ya+2y12a+¥32s,
25+ ¥5+39124+ Gyi+2y9)zs + 7125 + 03+ 2y1v9)20
11 solvable 23+y3+y122, €7 ¥1Z4+yy, e¥1Z5+ys
12 solvable e V1Zg+ys, € ¥2241yy, e¥r1t¥azs4yy
13 solvable e v2Z3+ys, e aVagy+y,, et vzt y,
15 solvable e~viz3t+y;s, ev2zyt+yy, Zs+yst+evryszy
16 solvable e Vi1z3+y;3, eViZy+ys, 25+ ys+eviyszy+yiZa
17 solvable € V1Zo+ Y3, € W1Z3+y;, €PNz +y,, eltatfizgty,
19 solvable eVizy, e¥1Z3+Yy;, e Vizyt+e Y1y zZ,, eViZs+ys+eviy 2z
20 solvable e V1Za+ Yy, € V1Z3+ Y3+ eTVIy12e, 72174+ Yy,

e (et DYzt yy

Complex solvable manifolds of dimensions 4, 5 are classified as follows:

r ho.1 structure (Albanese mapping)

Iv: 1 4 4 complex torus

2 3 3 Tl-bundle over T3

3 2 2 T2-bundle over T2

4 2 2,4 T2-bundle over T2

5 1 1,2,4 Ts-bundle over T1?

6 1 1,3 (III-2)-bundle over T!
V: 1 5 5 complex torus

2 4 4 T'-bundle over T*

3 4 4 T1-bundle over T4

4 3 3 T*-bundle over T3

5 3 3 T*-bundle over T3

6 3 3 T?bundle over T3

7 3 3,5 T%-bundle over T3

8 2 2 T3-bundle over T2
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l r , Ao structure (Albanese mapping)

9 2 2 T3-bundle over T2

10 2 2 T3-bundle over T?

11 2 2,4 T3-bundle over T2?

12 2 2,3,5 T3-bundle over T2

13 2 2,3,5 T3-bundle over T2?

15 2 2,4 (III-2)-bundle over T2
16 2 2,4 (I1I-2)-bundle over T2?
17 1 1,2,3,5 T+-bundle over T*

19 1 1,3 T*-bundle over T'?

20 1 1,2,4 T+-bundle over T'?

Here r = dim H%X, d0), h** = dim H'(X,®), T* = a complex torus of
dimension 7.

Remark. A solvable manifold of dimension 4 or 5 has a Lie algebra with
the Chevalley decomposition, and so from Theorem 3 it follows that b, = 2r.
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